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^ ' Abstract 



The most general version of a renormalizable d = 4 theory corresponding to a dimen- 
sionless higher-derivative scalar field model in curved spacetime is explored. The classical 
I action of the theory contains 12 independent functions, which are the generalized coupling 
constants of the theory. We calculate the one-loop beta functions and then consider the 
conditions for finiteness. The set of exact solutions of power type is proven to consist of 
precisely three conformal and three nonconformal solutions, given by remarkably simple (al- 
beit nontrivial) functions that we obtain explicitly. The finiteness of the conformal theory 
indicates the absence of a conformal anomaly in the finite sector. The stability of the finite 
solutions is investigated and the possibility of renormalization group flows is discussed as 
well as several physical applications. 
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1 Introduction 



The considerable achievements that have been obtained in the field of two-dimensional quan- 
tum gravity have inspired different attempts to use it as a pattern for the construction of 
the more realistic theory of quantum gravity in four dimensions. Unfortunately the direct 
analogies of the two cases do not work here, for rather evident reasons. First of all, the 
quantum metric in d = 4 has more degrees of freedom, which include the physical degrees 
of freedom of spin two, what is quite different from the d = 2 case. Second, the Feynman 
integrals m d = A have worst convergence properties as compared with the d = 2 case, from 
what follows that higher-derivative terms have to be included in order to ensure renormal- 
izability. An example of this sort is given by quantum i?^-gravity (for a review and a list 
of references see which is multiplicatively renormalizable (not so is Einstein's grav- 
ity) and also asymptotically free. However the presence of higher derivatives leads to the 
problem of massive spin-two ghosts, which violate the unitarity of the S'-matrix. It has been 
conjectured, nevertheless, that the problem of non-unitarity in R^-gravity might perhaps be 
solved in a non-perturbative approach. 

The alternative approach is based on the assumption that gravity is the induced interac- 
tion and the equations for the gravitational field arise as effective ones in some more general 
theory, as the theory of (super) strings It is also interesting to notice that higher-derivative 
gravitational theories (like string-inspired models) often admit singularity-free solutions (for 
a recent discussion and a list of references, see ^). In string theory, higher-derivative 
actions also arise in quite a natural way. For instance, if one wants to study the massive 
higher-spin modes of the theory one has to modify the standard a-model action by adding to 
it an infinite number of terms, which contain all possible derivatives. On the other hand, the 
effective action of gravity, which follows from string theory, contains higher-derivative terms, 
and the higher powers in derivatives correspond to the next order of string perturbation the- 
ory. One can expect that the unitarity of the theory will be restored when all the excitations 
are taken into account. Therefore, it is quite natural to consider fourth-order gravity as some 
kind of effective theory, which is valid as an approximation to a more fundamental theory, 
still unknown. 

String-inspired models of gravity contain, at least, two independent fields, which are the 
metric and the scalar dilaton field. Hence, the aforementioned effective theory has to depend 
on the dilaton field as well. The more general action (0) for a renormalizable theory of this 
type has been recently formulated in 0. Since this model is rather complicated, even the 
one-loop calculations are very tedious. At the same time it is possible to make quite a 
considerable simplification: since both the metric and the dilaton are dimensionless, higher- 
derivative fields, the structure of divergences is essentially the same even if the metric is 
taken as a purely classical background. Indeed, the renormalization constants are different, 
if compared with the complete theory, but their general structures have to be similar. 

Let us recall that the theory of a quantum dilaton field has been recently proposed for the 
description of infrared quantum gravity (see also and Q). Furthermore it has turned 
out that the quantum dilaton theory enables one to estimate the back reaction of the vacuum 
to the matter fields JlOl . It is very remarkable that the effect of the quantum dilaton is quali- 
tatively the same as the effect of the quantum metric, evaluated earlier in |TT|. In a previous 
article we have considered the one loop renormalization and asymptotic behaviour of the 
special constrained version of the dilaton theory. In fact the action of this special model 
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is the direct extension of the action for induced gravity [|T^, |T^, [Tj, In particular, we 
have found that this constrained model has induced gravity as the renormalization-group 
fixed-point, and that it also exhibits asymptotical conformal invariance. 

The present paper is devoted to the study of the quantum properties of the most general 
higher-derivative scalar theory in curved spacetime. The paper is organized as follows. 
Section 2 contains a brief description of the model. In section 3 we calculate the one-loop 
divergences with the use of the standard Schwinger-DeWitt technique, which is modified a 
little, in accordance to the needs of our higher- derivative dilaton theory. Sections 4 and 5 
are devoted to the search for all the one-loop finite solutions (of a specific power-like type) 
of the renormalization group (RG) equations. First of all, we consider the conformal version 



of dilaton gravity (this model is an extension of the one formulated in [|T^, [T^) and thus 
construct three different examples of anomaly-free dilaton models. Then the more general 
nonconformal version is explored. In section 6 we present some analysis of the asymptotic 
behaviour of the theory, together with a number of mathematical tools which are useful in 
this field. Section 7 contains the discussion of our results, including the possible role of the 
effects of the quantum metric. 



2 Description of the model 

We start with an action of cr-model type which is renormalizable in a generalized sense. 
A basic assumption will be that the scalar be dimensionless in four-dimensional curved 
spacetime, namely that [ip] = 0. We will also admit that there is just one fundamental 
dimensional constant, which has dimension of mass squared. The only field, aside from the 
scalar, which will be present in the theory is the gravitational field g^,^. 

Then, dimensional considerations lead us to the following general action of sigma-model 
type 

S = I d'x^{hiip)in^y + b2iip) iV.if) (V^v') n^ + hiip)[iV,ip)iV^ip)]' 

+64(<^)(V^V^)(V^V) + + ci((^)i?(V^v^)(V'V) + C2{^)R^'''{V,^){VM 

+ csiip)mip + a,{if)Rl^^f, + a2iip)Rl, + a^{^)R^ + a^{^)R} + (s.t.), (1) 

where s.t. means 'surface terms'. All generalized coupling constants are dimensionless, except 
for 64, 65 and 04, for which we have: [64(v')] = 2, [&5(</?)] = 4, [04(^9)] = 2. All other possible 
terms that can appear in dimension 4 in the above model can be obtained from (0) by simple 
integration by parts, and thus differ from these structures of the above action by some surface 
terms (s.t.) only. One can easily verify the following reduction formulas 

ca{V^'R){V^^) = -c'^Vf^^Y - c^RiUip) + (s.t.) 
C5(ni?) = c'lRiV^ip)'' + c^RiOip) + (s.t.) 
ceR^uiV^Vip) = -c'6/?^,(V'^¥p)(VV) + ^c'6i?(V^<^)2 + ^ceR{0^) + (s.t.) 
66(V»(nV,</.) = -b',{V,^)\n^) - b,{n^f + b,R^,{W^){V''^) + {s.t.) 

hjiv^v.^f = \b';{v,p>Y + h',{v,^)\up,) + bj{u^f - &7i?;..(v^^)(v» + {s.t.) 
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bgiVav.ip) = b'^iV^ipfiOip) + b'^incpy - &[,i?^,(V^<^)(V» + {s.t.) 

6io(nV) = b';,{V,ipYiacp) + b[,in^f + {s.t.) 

6ii(VV)(V.ny^) = -b'.^iW^iffiacp) - bniacpf + (si.) 

Here 04,5^6 = Q.s.elv'), ^6,. ..,11 = ^6,...,ii(v^) are some (arbitrary) functions. We shall extensively 
use these formulas below. Notice that, for constant 1^, this theory represents at the classical 
level the standard gravity. 

Theory (|I|) is renormalizable in a generalized sense, i.e., assuming that the form of the 
scalar functions &!(</?),..., 04(^7) is allowed to change under renormalization. As we see, 
also some terms corresponding to a new type of the non-minimal scalar-gravity interaction 
appear, with the generalized non-minimal couplings Ci{ip) , C2{(p) and c^^ip). 

It is interesting to notice that, at the classical level and for some particular choices of 
the generalized couplings, the action (|I|) may be viewed, in principle, as a superstring theory 
effective action — the only background fields being the gravitational field and the dilaton, see 
0. It has been known for some time that string-inspired effective theories with a massless 
dilaton lead to interesting physical consequences, as a cosmological variation of the fine 
structure constant and of the gauge couplings M, a violation of the weak equivalence principle 



16 1, etc. It could seem that all these effects are in conflict with existing experimental data. 



However, some indications have been given [O that non-perturbative loop effects might 



open a window for the existence of the dilaton, beeing perfectly compatible with the known 
experimental data. This gives good reasons for the study of higher- derivative generalizations 
of theories of the Brans-Dicke type ITH] and, in particular, of their quantum structure. 



3 Calculation of the counterterms 

In this section we shall present the details of the calculation of the one-loop counterterms of 
the theory for the dilaton in an external gravitational field. For the purpose of calculation 
of the divergences we will apply the background field method and the Schwinger-De Witt 
technique. The features of higher-derivative theories do not allow for the use of the last 
method in its original form. At the same time, a few examples of calculations in higher- 
derivative gravity theory are known |jl9|-|Q (see also ||l| for a review and more complete 
list of references) which possess a more complicated structure than (|I]), because of the extra 
diffeomorphism symmetry. Let us start with the usual splitting of the field into background 
tp and quantum a parts, according to 

(p ^ (p' = (p + a. (2) 
The one-loop effective action is given by the standard general expression 

r = ^Trlni/, (3) 

where H is the bilinear form of the action ([l|). Substituting (|^) into (0), and taking into 
account the bilinear part of the action only, after making the necessary integrations by parts 
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(the surface terms give no contribution to F), we obtain the following self-adjoint bilinear 
form: 

H = 26i(n2 + L"^W„V^V^ + V^"^V«V^ + AT^V, + U), (4) 
where the L°''^'^ have the specially simple structure 

The quantities r"^, A^" and U are defined according to 

1 



ay p 



hi 



{[(4 - ci)i?+ (36; - 2h){U^) + {h'[ - 263)(V^¥^)^ - 64m^]n 



+ [-C2R^.u + (26'2 - 463)(V^</^)(V,v^) + 2h2{V^V,v)]V^V''} 

iV"V„ = ^{(4' - d^)R{V,^)V^ + (4 - \c2 - ci)(V^i?)V^ + (262 - c!^)R,u{'^^v)V^ 

+2(6;' - 2h){U^){V^^)V^ + 2(6'^' - 36'3)(V.<^)2(V^^)V'^ + 4(6'2 - 2h){V ^ 

+26;(V'^n<^)V^ - 6^m2(V,.v5)V^}, 

1 1 ^ 



= ^{(4' - cm^v) + (4' - ^4 - 4)(v,i?)(v^^) + (^4" - \c[)RiyM 

+(6'2 - i4)^M.(V'^v^)(VV) + (6;" - 24)(V,v^)^(n^) + (^6; - h',){n^f+ 

H\h'^ - ^4)(V,^)^ + (26'^' - 46'3)(V,^)(V.^)(V^V»- 
-4i?^,(V^VV) + 6;(nV) 
+2h'[{V + 6'2(V^V.(/.)2 + ^4(n/2) - ]^hlm\V 



(5) 



The next problem is to separate the divergent part of the trace (||). First of all, let us 
note that (^ is just a particular case of the general fourth-order operator which has been 
considered in p5|. However, direct use of the general results in [^] leads to very cumbersome 
calculations and we use a different procedure, already employed in |]20|. Let us rewrite the 
trace (|5|) under the form 



\nH = Tr ln(26i) + Tr ln(n^ + L'^V^.D + ^'"'V^V^ + AT'^V^ + [/), 



(6) 



and notice that the first term does not give contribution to the divergences. Let us explore 
the second term. From standard considerations based on power counting and covariance, it 
follows that the possible divergences have the form 



Tr ln(n2 + L'^V^D + V^^^V^V^ + A^'^V^ + U)\ 



div 



= Tr {kiU + k2L^Nx + hL^VxV - hL^WVxr 
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+kgL^L^VrLx + hoLxL^L^r + knRl, + k^R^ 

+ k,,RV + k^^R^.V^'^ + k^,V^ + k^.V.^V'^''} + (s.t.), (7) 

where /ci,..i6 are some (unknown) divergent coefficients. 

The questions is now to find their exphcit values in the one-loop approximation. It is easy 
to classify the terms in (|^) into several groups. The first group is formed by the structures 
the structures with numerical factors /ci,ii,...,i6 — those are the ones which do not depend on 
L'^. The divergences of this type are just the same as for the operator 

□2 + v^"/3v,V^ + A^"V„ + U, (8) 



and we can use the well-known values from [Q. To the second group belong the structures 
with fc7...io- Here we will use the following method. Since these structures do not contain V, N 
and [/, it is clear that A;7...io will be just the same as for (0) with V = N = U = 0. Hence we 
can simply put V = N = U = 0. Then, taking into account that L^^'i'VaV/jV-,, = L'^VaQ, 
we can write 

Tr ln(n2 + L°V«n) = Tr ln(n) + Tr ln(n + L^V^,). (9) 

The first term gives contribution to the /cii,i2 only, which we have already taken into account. 
The second term has a standard structure, and its contribution has a well-known form (see, 
for example, [|T|). 

The third group is just the mixed sector with coefficients A;2...6- Here we use the following 
method 123]. Performing the transformation 



Tr ln(n2 + L"V„n + V^f^V ^ + A^"V^ + U) 

= Tr ln(l + L"V«n-^ + l/^^V^V/jD"^ + A^^V^n"^ + f/O"^) + Tr ln(n2), (10) 

we can easily find that the second term contributes only to A;ii 12. Then we can expand the 
logarithm in the first term into a power series (see |1| for details) and use the universal traces 
of |25|. After a little algebra, we obtain the final result in the form: 

Tt \nH = -Tr {-U + \l^Nx + ^L^VxV - ^L^VWxr 
e Abb 



where 



-R - -VxL^ - -LxL^ , V = V,'; 
6 2 4 ' ^ 



S^,u = 7;(V,L^ - V,,L,) + -{L,L^ - L^,L,). (11) 



^(V,L^-V,,L,) + i( 

Finally, substituting (H) into (|TTD and after a very tedious algebra which uses the reduc- 
tion formulas (0), we arrive at the following result: 

2 



p(l-ioop) 
div 



e 



J (fx^[A^Rlp^, + A^Rlp + A^R^ + A^Rm^ 
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where 



+ B^in^pf + B^iV^ipfinif) + BsiV^^)^ + B^m^W^if)'' + B,m% (12) 



90 26i ^ 24 6f>i 

11 1 

" 36 " 2b;'''3' + 486f ~ ^""^ ~ ^ ~ ~ ^""^ ~ ""'^^ ~ ei^'^' ~ ""'^ + ^'''^ 



52 = + ^(&ife2 + 46;6'2 - hb'^ - 106; 63 + IO62&3) - ^(2(^>'i)'&2 + 6^6;) 
i?3 = + ^(5fti^3 + ^(&'2)' - 56;63 + 156^ + 56;6'3 + b2b',) 
-^(20(6;)^63 + ^b'Ms + b'Ibl + 2b'Ab,) + M|L 
^4 = - J- + ^(4fe'i'fe4 - 46'2&4 + 663&4 - 5b[b', - 3b',b2) + ^(36; 62^4 - HKfh) 



'4^2 



+cA + ^^'i&2 - ^4^*2 + + ^{h'M2 - 2(6;)^C2 - 6(6;)2ci) 

4' 263 1 . ; / , o A , //, /,2n ^1^2C2 

^^ = -26^ + 36: + 66!^'^^^^ + 2C263 + C262 - 4) - ^ 

C3 = -7^ + T^(&'i - &2) + illS^^'i^ - 9^24 - %\ci + 9cib2 - 26;c2 + 202^2). (13) 

Let us now briefly analyze the above expression. First of all, notice that the divergences 
(|T^, (|TBp have just the same general structure as the classical action (|T]). This fact indicates 
that the theory under consideration is renormalizable, what is in full accord with the more 
direct analysis based on power counting. All the divergences can be removed by a renor- 
malization transformation of the functions a((/9), b{Lp), c{lp), in analogy with two-dimensional 
sigma models. We do not include the renormalization of the quantum field ip, since in the 
case of arbitrary bi it leads to unavoidable difficulties. Let us now say some words about 
the possible role of the matter fields. Suppose that the dilaton model under consideration 
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is coupled to a set of free massless matter fields of spin 0, |, 1. Then the matter fields con- 
tributions to the divergences of vacuum type lead to the following change of the functions 
^2,3{'^) (see, for example, ||2( 



A2 ^ A2 = A2 + ^{No + 6Ny2 + l2Ni), 

A, ^ A, = A,-^[No + QN,/2 + l2N,) + ^i^^-^^\o, (14) 

where Nq, N1/2 and 12A'^i are the numbers of fields with the corresponding spin, and ^ is the 
parameter of the non-minimal interaction in the scalar field sector. Here we have omitted 
the topological Gauss-Bonnet term for simplicity. Thus, we see that even in the presence of 
the matter fields all the divergences can be removed by the renormalization of the functions 
a{ip), b{(p), c((/7). (In the case massive scalars and spinors a matter contribution to and ^4 
will also appear). Below it will be shown that the above change of Ai^2,3{'^) does not affect 
our results seriously. 

It is important to notice that renormalization of the generalized couplings a{(p), b{Lp), c{lp) 
explicitly manifests the properties which are usual for any quantum field theory in an external 
gravitational field [Q. All these functions can be easily separated into three groups, with 
a different renormalization rule. The first group is constituted by the b{Lp) functions. The 
renormalization of these functions is independent of the other functions, a{Lp),c{Lp), and is 
similar to the renormalization of matter fields couplings in usual models (like the 0^ coupling 
constant in the case of an ordinary scalar field). The second group are the c{(p) functions, 
which renormalize in a manner similar to that for the nonminimal constant ^ of the ^R(p'^ 
interaction ||1[]. This means that their renormalization transformations are independent on 
a{ip), but strongly depend on b{{p). The third group of couplings is composed by the a{ip), 
and they are similar to the parameters of the action of the vacuum for ordinary matter 
fields. Furthermore, the renormalization of the dimensionless functions does not depend on 
that of the dimensional ones, 04,64,65, what is in good accord with a well-known general 



theorem |2^. Thus, the theory under consideration possesses all the standard properties of 
the models on a curved classical background. The only distinctive feature of the present one 
is that the couplings in our theory are arbitrary functions of the field (/?. This fact can be 
interpreted as pointing out to the presence of an infinite number of coupling constants. 

Since the theory is renormalizable, one can formulate the renormalization group equations 
for the effective action and couplings and then explore its asymptotic behaviour. The renor- 
malization group equations for the effective action have the standard form, since the number 
(finite or infinite) of coupling constants is not essential for the corresponding formalism 
The general solution of this equation has the form 

r[e~^*5r„/3, Oi, bj, Ck, fj] = T[gaf3, ai(t),bj{t), Ck(t),^], (15) 

where /i is the renormalization parameter and the effective couplings satisfy renormalization 
group equations of the form 

daAt) 

—^ = P^^, ai = ai{0), 
^ = 6. = 6.(0), 
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^ = /3„ q = q(0). (16) 

Note that we do not take into account the dimensions of the functions 04, 64, 65. In fact we 
consider here these quantities as dimensionless and suppose that the dimension of the corre- 
sponding terms in the action is provided by some fundamental nonrenormahzable constant. 
The beta-functions are defined in the usual manner. For instance, 

/3b, = lini/i^. (17) 

The derivation of the /^-functions is pretty the same as in theories with finite number of 
couplings, and we easily get 

(3a, = ~{A7ry^ A, P,, = -{An)-^B,, = -{Any^C,. (18) 

In the next sections we shall present the analysis of the renormalization group equations 
(|TB|) , (|TB|) . In accordance with the considerations above, one can first explore the equations 
for the effective couplings 61, ,,,5, then for ci^2,3 and finally for the "vacuum" ones ai_..^4. All 
that analysis looks much more simple for the conformal version of the theory. 



4 The conformally- invariant theory and some exphcit 
solutions 

Let us now consider the most general conformally- invariant version of the theory (|I|) : 

Sc = J d'x {/(¥.)¥. VV + q{v)Clap + P{v) [(V^^) {W^v)f} . (19) 

Here f{ip),q{ip) and p(¥?) are arbitrary functions, = + 2i?''^V^V^ -§/?□ + |(V^i?)V/, 
is a fourth-order conformally invariant operator, and we should recall that due to the fact 
that [(/?] = the conformal transformation of our dilaton is trivial: 

9^Jiu — ' e^'^'^g^Lu, ^ — ^ V?- (20) 

Now, using expressions (H), one can integrate by parts the rhs in ([I9D and present the result 
particular case of the theory (|^), with 

= a2(<^) = -2q{<p), as{^) = ^q{<p), 

ci{^) = If'ivW + Ifiv) = -lc2, C2(^) = -2fip)if - 2/(^). (21) 

The rest of the generalized couplings 04,64,65,03 are equal to zero. So, the general action 
(|I]) is invariant under the conformal transformation (^) when the functions ai,bj,Ck obey 
the constraints (pTf). 
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Substituting the relations (^) into the general expression for the divergences of the 



effective action, we get the divergences of the conformal theory in the form (|12D, where 



instead of (13) we have 



^1 3(^1)^ / 2 

i?i = — ; — I -75 — , 3-2 = , Ci = —Bi . Co = — 2Bi , Ba = -85 = 0, 

26i 46? ' ^ 3 1, 4 5 , 



n _ ^3 1 
^^-"26:+36! 



1 



{b';r + i5bi + 6b[b', 8{b[)% + b';{b[^' 



2bl \-^ ^' ' ' J ' 2bi 



^4 



A = ^-^<, A2 = -2A,, ^3 = ^^, A, = A, = 0. (22) 

As one can see from the last expressions, the divergences of the conformally-invariant 
theory ([T^) apeear also in a conformally invariant form (up to the total divergence), as 
it should be. The functions A{(p), B{Lp),C{(p) obey the same conformal constraints (^Tj) 
with some F{ip),Q{ip), P{ip) instead of f (tp) , q{(p) , p{ip) . Below, we shall use the functions 
ai,bj,Ck, taking into account the restrictions (0), because in this way calculations become 
more compact. Hence, we have shown that the conformal invariant, higher-derivative scalar 
theory considered here is renormalizable at the one-loop level in a conformally invariant way, 
and therefore it is multiplicatively renormalizable at one-loop. One can suppose that the 
general proof of one-loop conformal renormalizability in an external gravitational field, given 
in |27| (see also |jl|), is valid for the higher-derivative dimensionless scalar field as well. Note 



that taking into account the matter field cotributions does not lead, according to (0), to 
the violation of conformal invariance. Indeed the conformal value of = | must be choosen. 

From a technical point of view, the cancellation of non-conformal divergences gives a very 
effective tool for the verification of the calculations. It moreover enables us to hope that the 
general dilaton model (|I|) might be asymptotically conformal invariant p8| , |T|, just as the 
special case considered in 0. 

As a byproduct, the above expression also gives us the conformal anomaly of the confor- 
mal invariant theory (|T9]): is equal to the integrand of (0), (p^ (up to total derivatives, 
that we have dropped). Thus, if one finds the form of the functions f {tp) , q{(f) , p{Lp) which 
provide the one- loop finiteness in the theory (p!9|), the last will be free from the conformal 
anomaly. Actually, the one-loop effective action obeys the equation 

' - ra.. (23) 



-9 Sg, 



where T*^^^ is the one-loop part of the anomaly trace of the energy-momentum tensor. Eq. 
(p3D allows one to define T^^^ with accuracy up to some conformally invariant functional. 
Hence if we find the solution of the equations 

Aifiip),qi^),piip)) = 5, (/(^),g(v,),p(v9)) = Cfc(/(y.),g((/p),p((^)) = 0, (24) 

taking into account the constraints (PT|), the right-hand side of Eq. ( PB| ) will be zero (up to 
surface terms), and F^^^ will be a conformally invariant (but probably nonlocal) functional. 
So the solution gives us the conformal invariant theory (|I^) that is free from the anomaly 
(at least on the one-loop level). Moreover, according to the structure of the conformal Ward 
identities [|^, |jl| it is clear, that the two- loop divergences of the corresponding theory will 



be conformally invariant as well. 
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The conditions ( p4D are nothing but a set of nonhnear (and rather comphcated) ordinary 
differential equations. Fortunately, one can use the results of the qualitative analysis of the 
previous section and divide the equations into three groups Bj = 0,Ck = and Ai = 0, 
respectively. It turns out that the only nontrivial problem is to explore the equations of the 
first group. Note that, due to the conformal constraints (pT]), the equation for 63 (v?) can 
be factorized out and we just have to deal with the ones for bi{ip) and b2{(p) first. Since 
the variable 62 (v?) is not independent, we end up with only one equation for bi{Lp) that can 
be solved, in principle (actually just a very reduced number of explicit solutions could be 
obtained, see below). The only three solutions of power-like form are the following: 

bi = k, k = const., 62 = 0, 63 = 0, (25) 

3k 

bi = k, 62 = bi' = 0, 63 = — ipo = const., (26) 

and 

We should observe that the second solution (^6]) is a particular point of a whole surface of 
conformal fixed points (i.e., conformal solutions) which can be expressed as 

6i = /c, 62 = 0, b3 = F-\^-ipo), (28) 

where the function F{p) = x is the solution of the differential equation p" — = 0, and 
is given by the quadrature: 

±f , (29) 

with Ci an arbitrary constant. 

Since within the conformal theory the functions Ci^2,3 are not independent, the corre- 
sponding equations are satisfied automatically. The equations for ai^2,3 have the following 
corresponding solutions. For (pS]) and (|26|), the common one 



/ \ 2 

ai{(p) = —— + anip + ai2, (30) 

yu 

and for (^, 

ai{ip) = -—\n\(p - ipo\ + anf + au, (31) 
45 

where an and au are integration constants and 02 (v^) and asltp) are both defined via the 
conformal constraints (^l]) . Let us notice that the above finite solutions (with evident nu- 
merical modifications) is stable under the contributions of the matter fields, that directly 
follows from ([I^) . 

In this way we have constructed three explicit examples of one-loop finite, anomaly 
free, conformal theories. The model (^) is essentially the same theory which had been 
investigated in previous articles It is closely related with the theory of induced conformal 
factor 0, |l^, |T3|, P). Since the only nontrivial interactions here are of "nonminimal" and 



"vacuum" type, it is renormalized in a manner similar to the one for the theory of a free 
(ordinary) scalar field in an external metric field. That is why the finiteness of this model is 
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rather trivial. Not so are the solutions (p6D, ( p?!) and 



These models contain nontrivial 
interaction sectors and their finiteness does not look trivial at all. Moreover, the form of 
solution (p7D probably indicates that some extra symmetry is present. Notice also that both 
nontrivial solutions depend on the arbitrary value fo and are singular in the vicinity of 
this value. One could argue that this fact hints towards the existence of some different, 
nonsingular parametrization of the field variable. This conformally invariant finite model 
might be quite interesting in connection with some attempts to generalize the C-theorem 

m. 



291 to four dimensions 



5 Explicit non- confer mal solutions 

We now turn to the search of finite solutions of the general model (0), (|T^) , free of the 
conformal constraints. Since we are looking for non-conformally invariant solutions, bi must 
be different from 62 (otherwise we get back to the conformally invariant case). From the 
mathematical point of view, to obtain solutions of the general system (p^, (|T3D is a rather 
difficult problem, because in this case the equation i?3 = is not factorized out. So, already 
at a first stage, we are faced up with a set of the nonlinear, higher-dimensional differential 
equations. Fortunately, these equations exhibit some homogeneity property, and hence it is 
natural to look for solutions of the exponential form bj{(p) = kjexp [{ip — Lpo)Xj], and of the 
power-like form bj{Lp) = kj{Lp — fo)^\ where kj and Xj are some constants. 

Accurate analysis shows that all the Xj are necessary equal to zero in the exponential 
case. Quite on the contrary, the search for solutions of power type yields the following three 
non-conformal fixed points: 

k _ _ 2fc 16k 

'"(^^^' '""(^^^' '"150^^^^' ^^^^ 

h = ^ h = 4fc ^ 4fc 

and 

bi = -, 62 = 0, 63 = 0. (34) 

These are in fact the only solutions of power type. The solution of the equations for aj(v?) 
and Cki'p) is then straightforward (but involved). We shall present only the results of this 
analysis. For all three solutions (^2D-(^), the ai{ip) are given by the integrals 



2bi{ip) 



(35) 



Notice that in the last expression the integrands do not depend on ai{(p) while ipn and (/Pj2 
are arbitrary constants. In the case of the theory coupled to matter fields the values of Ai.2,3 
have to be substituted according to (|T^). The solutions for 64^5 and ci,2,3 are written below. 
For the case (|34f), these solutions have the form 



4 

C2 = tqx^ -\- ri 



12 



2 4 1 2 _1 

Ci = — tqx^ ri+r2X^+rsX a 

7 3 

45 13 1 9 5 2A;-9r3 2 7 

C3 = -^'"oa;'' - TTT'^i^; - 77:^23:3 H _ + r4^ + r^x^ 

oo4 i/ iU iU 

4+^22 4-^22 
64 = VqX 3 + ryX 3 

9 14 

05 = ^8 + ^^92; + -^re^jx 3 



-^^^ x'^^^^ + -^x'-"^^, (36) 



A; (4 +1^22) (5 + 1^22) A; (4 - |v^) (5 - f V22 

where, for the sake of brevity, we have denoted x = — Lpo and introduced the set of 
integration constants ro,...,rg. For the cases when the bi are given by (|32D and (^), the 
solutions for Cj, 64 and 65 are still easily found in a closed form, but we will not bother the 
reader with such lengthy espressions here. Thus we have constructed the finite nonconformal 
versions of the theory (0). The functions bj{ip) and Ck{(p) above correspond to the 

finite theory. 



6 Renormalization group and stability analysis 

Here we apply a method of analysis based on the renormalization group for the investiga- 
tion of the general model (^. If we do not impose the conditions (^) on the interaction 
functions, then the theory is not finite (of course, it is possible that there exist some other 
nonconformal finite solutions) but renormalizable. As it was already pointed out above, the 
renormalization group /3-functions are defined in a unique way (|18]), and we arrive at the 
following renormalization group equations for (</)), bj{ip) and (</)): 



? = -A, ^ = ^ = -Q, (37) 

dt' dt' ^' dt' ^ ' 



where t' = (47r)~^t, and t is the parameter of the rescaling of the background metric (p!3D. 

The renormalization group equations { ^7\j have a complicated structure. In fact the 
effective couplings a, b, c depend not only on t, but also on Lp and, therefore, (0) is nothing 
but a set of nonlinear, higher-order differential equations in terms of partial derivatives. For 
this reason, to obtain the complete solution of these equations does not seem to be possible. 
At the same time, we already know the values of a, b, c which correspond to vanishing (3- 
functions. From the renormalization group point of view these values are the fixed points of 
the theory. Thus, we can explore the stability of the fixed points (|37|) and then formulate 
some conjectures concerning the asymptotic behaviour of the theory. 

We thus face the problem of the stability analysis of a system with an infinite number of 
variables. A possible way to attack it consists in combining the standard Lyapunov method 
and harmonic Fourier analysis. Let us first illustrate the method on the most simple example 
of the conformal fixed point (p6[) . The advantage of this solution is that the equations for 61 
and 63 do not depend on each other. One can start with the equation for bi, and put A; = 1 
for the sake of simplicity. Moreover, we shall write t instead of t' . According to the Lyapunov 
method we write bi = 1 + y{x), where x = (p — ipo and y is the infinitesimal variation of bi. 
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Hence we preserve the conformal constraint 62 = l + y'{x), where the derivative is taken with 
respect to x. Substituting the above expressions into the renormahzation group equation, 
we get 



dy 1 



3 

2?/L(i + ?/) - -^{y'x 



I \2 



(38) 



dt 4(1 + y) 

Since we are only interested in the behaviour at the vicinity of the fixed point, the nonhnear 
terms of the last equation can be safely omitted, and we obtain 



Tt = 2^- ^^^^ 



This equation looks very simple but it depends still on two variables. However (|39|) can be 
easily reduced to a set of ordinary differential equations. One can expand y{x) in Fourier 
series with t dependent coefficients: 

y{x,t) = + ^yn{t)cosnx + yn{t)smnx. (40) 

^ n=l 

Substituting (HO) into (Wh we obtain 



dyo „ dyn r? dyn ^ , ... 

^ = °' ^ = -y^"' ^ = -y^- ^^'^ 

From (^) it follows that all the coefficients except for y^ vanish in the limit t —>■ +00. Since 
the infinitesimal variation cannot contain a zero mode, one can put yo = and hence the 
fixed value 61 = 1 is stable in the mentioned limit. Notice that if we do not input the 
conformal constraints, that is, if we take Sb2 7^ (^^i)', then the values 61 = 1, 62 = give a 
saddle point of the theory. 

Then one can start with 63, what is a bit more complicated. If one introduces the 
infinitesimal variation z as b'^ = ^^-^ — 7 + z and omits all the nonlinear terms, the remaining 
equation is 

dz^l 50 z' 

(it 2 ^'^ 3 y^-V?o' 
If we consider the behaviour of z in a region far from the value of ipo, then the factor 
(99 — ipo)~^ is slowly varying and one can regard it as a constant xq. After expanding z into 
a Fourier series, we get 



dzo 50 zo dzn ( 1 2 50 \ dzn ( 1 2 50 

"^""Yal' "c/T ~ V 2^^ ~ 3^j ~~dt~\2^~^Q^ 



what reveals the stable nature of this conformal fixed point. The exploration of the behaviour 
of the Ci^2,3 is not necessary, because they are related with bi by the conformal constraints, 
and thus their behaviour is completely determined. 

If one takes the values of the infinitesimal corrections which violate the conformal con- 
straints then this fixed point is a saddle one. The last claim is actually trivial, since we 
already knew this from the behaviour of 62- Stability analysis performed on the last of the 
non-conformal solutions (|3^ shows that it is a saddle point of the non-conformally invariant 
theory. It is clear already from the behaviour of 61, 62, &3 and hence further investigation is 
not necessary. 
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So we can see that among the fixed points of the theory there are some which are com- 
pletely stable in UV limit and others which are partially stable, namely saddle points of the 
renormalization group dynamics. One can conjecture that the behaviour of the functions 
a{ip) , b{(p) , c{(p) essentially depends on the choice of the initial data (with respect to the 
renormalization group parameter), which have to be postulated at some given energy. In 
particular, it is natural to expect that for some conformal models at high energies, asymp- 
totic finiteness manifestly appears. Simultaneously, there is a cancellation of the conformal 
anomaly in this limit. In such way, the theory (|l]) predicts the existence of renormalization 
group flows from arbitrary values of a, b, c to the one which provides finiteness and conformal 
invariance of the theory. 



7 Discussion 

We have investigated the renormalization group behaviour of the general dilaton model (|lD 
on the background of a classical metric. The theory under consideration possesses interesting 
nontrivial features, as finite fixed points and plausible renormalization group fiows between 
these points. This fact has important physical applications, if we make use of the hypothesis 
in and regard the dilaton theory as an approximation to some more fundamental theory 
of quantum gravity (like the theory of strings) at low energies. The action of gravity, induced 
by string loop effects, has the form of a series in the string loop parameter a', and at second 
order it contains the terms with fourth derivatives of the target space metric and the dilaton 
|P2|| . Thus, within some accuracy, the effective action of the string is a particular case of our 
dilaton model (the well known arbitrariness in the second order effective action for the string 
does not affect our speculations here). This particular case is not a fixed point of our model 
(maybe only at one loop). One can suppose that our theory of the dilaton is valid at scales 
between the Planck energy Mp and some energy Mi, where the effects of quantum gravity are 
weak and only matter fields can be regarded as quantum ones. It is rather remarkable that 
the action for the dilaton — generated by quantum effects of the matter fields — is an IR fixed 
point of our general dilaton model. Hence our dilaton model can describe the transition from 
string induced dilaton gravity at the Mp scale to matter induced gravity at the Mi scale. 

We can also say some words about the expected effects of the quantum metric. In spite 
of the fact that the theory (|I]) is rather involved, one can calculate the one-loop divergences 
with the use of the method proposed in |T^. Moreover, some conjectures concerning the 



renormalization of the theory of quantum gravity based on (|TD can be made even without 
earring out calculations to the end explicitly. As has been already pointed out above, the 
general structure of the expressions for the counterterms will be similar to ([T3|). This means 
that all the structures (but not necessarily the numerical coefficients, of course) will be 
actually the same. However, the structure of the renormalization might be much more 
complicated. In particular, for the theory of quantum gravity the hierarchy of the couplings 
is lacking and all the functions b, c, a have to be renormalized simultaneously, what is rather 
more cumbersome as compared with the dilaton theory described above. However, the 
general structure of the counterterms in the case of the quantum metric must be the same as 
for our dilaton model. In particular, the functions Ai, Bj, Ck are expected to be homogeneous 
just as in the case considered above. Hence one can hope to get similar finite solutions in 
the general theory. 
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The final point of our discussion is related with the conformal invariance properties at the 
quantum level. Some features of the theory of quantum gravity based on ([19|) (with p{ip) = 0) 
have been recently discussed in [0. It was shown there that, generally, the theory leads 
to a conformal anomaly. This anomaly appears already in the one loop counterterms and 
prevents the theory from being renormalizable. For this reason, we cannot expect from a 
theory of quantum gravity based on (|l]) to have a conformal fixed point. However, it should 
be possible to obtain conformal invariance at the quantum level within the general model 
(|l]), by introducing the loop expansion parameter in an explicit way. 

It would be of interest to study the cosmological consequences that arise from the family 
of finite models (1), as the possible existence of solutions of black hole type and their infiuence 
on the evolution of the early universe. The dilaton in the starting theory is massive, owing 
to the nontrivial dimensions of the functions 64(0), 65(0). For the finite conformal versions 
of the theory it is not more so. However one can get massive parameters as a result of some 
symmetry breaking and for this purposes it is necessary, for instance, to derive the effective 



potential and to explore the possibility of a phase transition (see []3ll , |TT| for the discussion 
of that approach). Indeed, the effective potential in dilatonic gravity under discussion has 
the form (in the linear curvature approximation) 



V = h{ip) + lB,{ip)\n^ + R 
2 



where x(v?) is some combination of the dimensional functions and 64. Its explicit form 
plays no role in this qualitative discussion. It is clearly seen that the one-loop level effective 
action of our theory at low energies represents the standard Einstein theory with (/^-dependent 
cosmological and gravitational constants. Hence, our theory leads to the induction of general 
relativity at low energies, what serves as an additional physical motivation for its detailed 
study. Notice also that one can introduce massive terms even in the conformal case, what is 
something like soft breaking of the conformal invariance. It is possible to provide finiteness 
even in this case (as well as in nonconformal versions of the theory, of course). We expect 
to return to such questions elsewhere. 

Summing up, we have explored some features of the general dilaton model (|l]) which can 
be regarded as a toy model for the same theory with a quantum metric. Some special versions 
of the model are finite at one loop and, moreover, some of them are conformally invariant 
both at the classical and at the quantum level. The lack of conformal anomaly holds even if 
the matter field contributions are taken into account. The last property is likely to survive 
for the more general model with a quantum metric. In this respect the theory discussed 
above is the first example of such kind. Furthermore we have investigated its stability of 
found several fixed points (developing by the way new mathematical tool for this purposes). 
This enables us to draw some conclusions on the possibility of renormalization group fiows 
between the different versions of the theory. In particular, one can hope to apply our model 
to obtain the connection between the string induced gravity action at the Planck energy 
scale and the matter field induced action at some lower scale, what is certainly valuable for 
phenomenology purposes. 
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